We introduce a spin-flip model for a broad-area Vertical-Cavity Surface-Emitting Laser (VCSEL) with a saturable absorber. We demonstrate simultaneous existence of orthogonally linearly polarized and elliptically polarized cavity solitons. We show that polarization degree of freedom leads to period doubling route to spatially localized chaos of the elliptically polarized cavity solitons.
Accounting for the light polarization also becomes important when considering Cavity Solitons (CSs) in broad area VCSELs. CS are localized light structures in the transverse plane of externally driven nonlinear resonators (for reviews see [18] [19] [20] [21] [22] [23] ). VCSELs are very attractive for CS studies because of the large Fresnel number possible, the short cavity and their mature technology [24, 25] . First experimental indication for the importance of light polarization has been obtained for 40 µm-diameter VCSELs [26] . Recently, vector CSs have been observed in 80 µm -diameter VCSEL [27] and explained by the SFM model. Two orthogonal polarized vector solitons, both Gaussian and ring shaped, have been experimentally demonstrated for broad-area VCSEL with frequency-selective feedback in [28] . Of particular interest are VCSELs with saturable absorption as external holding beam is not necessary [29] [30] [31] [32] [33] .
In this Letter, we introduce a spin-flip model for a broad-area VCSEL with a saturable absorber and demon- * Electronic address: kpanajot@b-phot.org strate a period doubling route to spatially localized chaos of elliptically polarized CSs. CS, which become chaotic by period doubling have been predicted for a driven damped nonlinear Shrödinger equation [34, 35] , for a Josephson junction ladder, for forced and damped van der Pol model [36] and for semiconductor laser with saturable absorber subject to optical feedback [37, 38] . Oscillatory dynamics of localized structures has been experimentally observed in optically pumped VCSEL with saturable absorber [39] . Experimental studies of devices based on liquid crystals have shown that nonvariational effects can give rise to chaotic behavior of multiple-peaks localized solutions [40] . In all these studies, polarization degree of freedom has not been considered. Recently, a coexistence of cavity solitons with different polarization states and different power peaks has been demonstrated for birefringent all-fiber resonators [41] . To the best of our knowledge, the impact of light polarization on the CSs dynamics in a broad area semiconductor laser with saturable absorber has not been reported.
We consider the spin-flip VCSEL model in which we introduce saturable absorption leading to the following dimensionless partial differential equations
Here E x (E y ) is the slowly varying mean electric field envelope for light polarized along the x (y) direction, N (n) is the sum (difference) of the carrier densities of the two carrier sub-systems of the gain material with different projection of the spin and γ a and γ p represent the non-dimensional amplitude and phase anisotropies that couple the two field components (divided by the photon decay rate). N a is related to the carrier density in the absorber material with linear absorption a 0 . α (β) is the linewidth enhancement factor and b 1 (b 2 ) is the ra- tio of photon lifetime to the carrier lifetime in the active layer (saturable absorber). b s is the nondimensional spinflip rate, i.e. the ordinary SFM spin-flip rate as in [14] multiplied by the photon lifetime. µ is the normalized injection current in the active material, a 0 measures absorption in the passive material, and s = a 2 b 1 /(a 1 b 2 ) is the saturation parameter with a 1(2) the differential gain of the active (absorptive) material. The diffraction of intracavity light E is described by the Laplace operator ∇ 2 ⊥ acting on the transverse plane (x, y) and carrier diffusion and bimolecular recombination are neglected. Time and space are scaled to the photon lifetime τ p and diffraction length.
Equations (1) - (4), admit a trivial solution: E 0x = 0, E 0y = 0, N 0 = µ,n 0 = 0, N 0a = −a 0 , which is stable until laser threshold for linearly polarized (LP) emission, i.e. µ th x/y = 1 + a 0 ± γ a , and unstable afterwards. Nontrivial LP steady-state plane-wave solutions are obtained by substituting in eqns. (1)- (4) the anzats {E x0 , 0, N x0 , 0, N ax0 } for x-LP solution and
The frequencies ω x,y of the steady state LP solutions depend on the intensity when the active and passive materials have different linewidth enhancement factors [30] as ω x,y = ∓γ p − α(1 + γ a ) + a 0 β−α 1+sIx0,y0 . However, the stability of the lasing LP solutions does not depend on ω x,y . From eqn. (5) it follows that the LP light-vs-current (LI) characteristics have C shape, i.e., turning points with dµ/dIx, y = 0 if s > 1 + (1 ± γ a )/a 0 . The turning point coordinates in the LI plane are given by
The linear stability analysis of the LP stationary solutions is carried out by considering small fluctuations modulated with transverse wavenumber K and leads to two independent systems, i.e. the x (y) LP solution can be destabilized by fluctuations of the orthogonal linear polarization δE y (δE x ) with simultaneous fluctuations in excess spin-polarized carries n and/or by fluctuations in the same polarization δE x (δE y ) accompanied by fluctuations in the overall carrier density δN and saturable absorber carrier density δN a . An example of LP light vs current (LI) characteristics is presented in Fig. 1 (a) . can take place on this branch for an increased ratio b 2 /b 1 [30] . The nontrivial elliptically polarized (EP) steady-state plane-wave solutions are obtained by substituting in eqns.
(1)-(4) the anzats {E ex e iωet , E ey e iωet , N e , n e , N ae }, which leads to a system of five nonlinear algebraic equations. This system can only be solved numerically, the obtained EP steady-state solutions for γ a = 0.001 and γ p = 0.01 are shown in Fig. 1 (b) .
For our choice of parameters the upper branches of the LI curves exhibit Turing bifurcation allowing for the formation of CSs. Due to the steady state multistability of the system, we expect it to also exhibit CS polarization multistability. This is indeed confirmed in Figs. 2 and 3 , which are obtained by integrating numerically Eqs. (1) -(4) by the split-step method with periodic boundary conditions for γ p = 0.05 and γ a = 0.001. Fig. 2 presents the case of linearly polarized CS: x-LP (Fig. 2 a1,b1 ) and y-LP (Fig. 2 a2,b2) , which exist in the same region of injection currents as for the scalar case [30] : µ ∈ [1.42, 1.49]. Fig. 3 presents the case of an elliptically polarized CS: in (a) the intensities of x and y polarization and in (b) the Stokes parameters for at time t = 730. This figure reveals the profound difference to the LP case and establishes that it is indeed a CS with elliptical polarization. Another striking difference to the LP CSs is that the EP CS does not reach a stable state but persists in a complex In order to characterize the temporal dynamics of the EP CS, we fix all parameters mentioned above, and vary the phase anisotropy γ p . For γ p = 0.07, the CS exhibits regular time oscillations and displays period one dynamics (P1) as shown in Fig. 4a . The frequency of the oscillations is measured to be ν ≈ 0.014, which is close to the phase anisotropy splitting of γ p /2π = 0.011. Decreasing γ p , brings the CS to period two dynamics (P2) (Fig. 4b) and then to period four dynamics (Fig. 4c). Finally, Fig.  4d presents an example of chaotic localized dynamics, i.e. the CS polarization dynamics is a period-doubling route chaos. The transition between CS of different height is continuous and smooth and the CS does not spread considerably as its peak amplitude changes in time. Period doubling route to polarization chaos has been observed in small-area single-transverse mode solitary VCSELs in only two circumstances: with quantum dots as an active material [16] and with quantum wells as an active material but subjected to external anisotropic strain [17] . The system considered here differs in two ways, first, the VCSEL is a broad-area, highly multi-transverse-mode device and second, there is a saturable absorber integrated within the laser. Indeed, such a laser allows for the existence of stable cavity solitons, which undergo the period doubling cascade to chaos reported here. Fig. 5 t ×10 shows the corresponding power spectra to Fig. 4 : the blue (red) color is without (with) spontaneous emission noise. In the case of P1 dynamics, the power spectrum reveals strong peak at f 1 = 0.014 and multiples of it (Fig.  5a ). For the case of P2 dynamics, additional peaks appear at frequencies of f 1 /2 and multiples (Fig. 5b) . RF spectrum in a regime of period quadrupling is shown in Fig. 5c for γ p = 0.0596. Finally, for phase anisotropy of γ p = 0.05 when the CS peak amplitude changes chaotically the powers spectrum looses the sharp individual peaks features and becomes quite broad (Fig. 5d) . We have checked that the main features of the reported dynamics are robust to noise. For example, in the case of Fig. 4 (a) -(d), adding to Eq. (1) a noise source with a mean value of zero and a strength of 1 × 10 −4 preserves the main features of the dynamics despite that the peaks heights in the time traces become with somewhat varying amplitude. Thus, the spectra reported in Fig. 5 (red color) show quite similar peaks for the P1 dynamics and somewhat blurred P2 and P4 dynamics features with CS peak are presented in Fig. 6a and the corresponding trajectory in a cross section of the phase space spanned by the Stokes parameter s 2 and s 3 in Fig. 6b . Although the laser dwells most of the time around two well separated states of s2 and s3 of opposite sign,the trajectory goes well beyond these state filling in the entire plane.
In conclusion, we have introduced a spin-flip model for a broad-area VCSEL with a saturable absorber and demonstrated coexistence of linearly polarized (either along the x or the y axis) and elliptically polarized (EP) cavity solitons. Depending on the phase anisotropy of the VCSEL, which accounts for the birefringence splitting in the laser, a period doubling route to chaos of a single spatially localized light structure is observed. The phase trajectory makes a wide excursion in the Stokes parameters space when the localized structure is in a state of chaotic temporal dynamics. These findings expand the numerous work on CSs in VCSELs, which so far consider mostly the scalar rather than vectorial case (light polarization is neglected). Our work not only provides a way to consider vector CS in a VCSEL with saturable absorber, but broadens their possible applications as bits of information (multilevel logic due to the CS polarization multistability) or as two-dimensional arrays of re-writable laser-source with non-trivial temporal dynamics. K.P. acknowledges the Methusalem foundation for financial support. M.T. is a Research Director with the Fonds de la Recherche Scientifique F.R.S.-FNRS, Belgium.
